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In this paper the Singular Manifold Method has allowed us to obtain the Lax pair, Darboux 
0^ ' transformations and r functions for a non-linear Schrodiger equation in 2 + 1 dimensions. In this 

0^ , way we can iteratively build different kind of solutions with solitonic behavior. 



5o ■ 1. Introduction 

- The integrability and structure of (2+1) dimensional systems have received considerable attention 

r> I in the last few years [Q], [^]. Non- linear Schrodinger type equations are a particular case of interest. 



d ' These equations were discovered by Calogero Q and then discussed by Zakharov |31]. Their 



geometrical properties have been studied in |15|. 



The equation under study in this paper is the following non-linear Schrodinger equation in (2+1) 

V, = 2dy\i:\^ (1.1) 



Strachan |27| rederived this equation by dimensionally reducing the self-dual Yang Mills equation 
p3] and proved it to be integrable from the point of view of geometrical considerations. In pi] its 
integrability is studied in the sense of having the Painleve property and exact solutions with solitonic 
behavior are obtained using Hirota's bilinear method. One and two-soliton solutions can be found 
in |2(:] and dromionic ones are obtained in p5|| whereas n-soliton solutions may be found in |17]. 
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The geometrical equivalence (called the Lakshmanan equivalence) between spin systems and 



non-linear Schrodinger equations is studied in |]16[, [T^], ||I^ and [pO |. 



Equation (1.1) is the Lakshmanan equivalent of the Myrzakulov-I (M-I) equation 



St = i^SASy + uSj 

u^ = -S(S^ASy) (1.2) 



proposed in |16] as an extension to (2+1) dimensions of Heisenberg's 1-dimensional spin model ||T2| 



The equivalence between (1.1) and (1.2) is proved in |21] and |22|. 
If we redefine: 

tp = u ip* = oj V = —2m,y t = it (1-3) 

and take r^ = —1, equation (1.1) becomes: 

ut — Uxy — 2m.yU = 
vot + i^xy + 2myUJ = 

m,x + WW = (1-4) 

which is the PDE we shall study here. 

The plan of this paper is as follows: In section II we shall apply the singular manifold method to 
equation (1.4) to obtain the singular manifold equations. In section 3 we use the SMM to linearize 
the singular manifold equations and obtain the Lax pair. Section 4 is devoted to determining the 
Darboux transformations and r-functions. We apply the results of section 4 to obtain solitonic 
solutions in section 5. The conclusions are presented in section 6. 

2. Singular Manifold Method 
Leading term analysis 



In order to perform the Painleve analysis |2^] for equation (1.4) we need to expand the fields u, w 
and m in a generalized Laurent expansion in terms of an arbitrary singularity manifold xi^^ ?/> t) = 0- 
Such an expansion should be of the form pO|]: 



" = ^'^j{x,y,t)[x{x,y,t)y " 

3=0 

oo 

^ = ^^j{x,y,t)[x{x,y,t)y~'^ 

j=0 

oo 

m = ^mj{x,y,t)[x{x,y,t)]^~'^ (2.1) 

j=o 
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By substituting (2.1) in (1.4), we have for the leading terms: 

a = /? = 7 = 1 mo = Xx uouJo = xl (2.2) 

from which we see that leading analysis is not able to determine uq and ujq independently and only 
gives us their product. This suggests that we should write the dominant terms no and lvq in the 
more general way as: 

no = A{x, y, t)xx u;o = -^Xx (2.3) 

Truncated expansions. Auto-Backlund transformations 

If we truncate expansions (2.1) at the constant level, as is required by the SMM [^], we can write 
the solutions in terms of a singular manifold, cj), which is not yet an arbitrary function because it 
is determined by the truncation condition. We can therefore write the solutions (2.1) to equation 
(1.4) in the following way: 

/ , 4'x 

m = mA — - 

(P 

/ , Mx 

.' = . + i| (2.4) 

The set of equations (2.4) are the auto-Backlund transformations between two solutions of (1.4). 

Expression of the solutions in terms of the Singular Manifold 

Substituting equations (2.4) in (1.4), we obtain a polynomial in (j). If we require all the coefficients 
of this polynomial to be zero we obtain the following expressions after some algebraic manipulations 
(we used MAPLE V to handle the calculation. The details are in the appendix): 

" = -|(''+(t + '')) <'^'' 

- = -21 ("-(t + ")) (^^^> 

"" = I (("^^ ')'""') '"' 



where w, w and q are defined as: 



'-'xx 
^x 
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w = ^ (2.9) 

(Px 

and h = h{y, t) is an x-independent function which arises after performing an integration in x (see 
appendix). 

It is useful to notice that the compatibihty conditions between the definitions (2.9) give rise to 
the following equations: 



4>xxt = 4>txx =^ Vt = {Wx + vw)x 

t>xxy = <t>yxx =^ Vy = {q^ + vq)x (2-10) 



byt = 4>ty =^ qt = Wy + wqx - qw. 



X 



Singular manifold equations 

Furthermore, substitution of (2.4) in (1.4) provides equations to be satisfied by the singular manifold. 
These equations are (see appendix): 

= w + hq-^ (2.11) 

^ (^-^) ^U-i^U^^A'] P.12) 



A^ ^ y. \ ■" 2 2 V ^ 



and the following equation for h 

ht + hhy = (2.13) 

The set (2.10)-(2.13) are the singular manifold equations. 

3. Lax pairs 

3..1 Painleve analysis in singular manifold equations 

We can consider the singular manifold equations (2.10)-(2.12) as a system of non-linear coupled 
PDE's in V, q, w and A. It is useful to define 

a = —- + n 
A 

/3 = ^ + hyX 

7 = ^ + htx (3.1) 
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in which case (2.10)-(2.12) can be combined to give: 



= vt + hvy - [(/? - hyx)x + (/3 - hyx)v]x (3.2) 



v'^ o? 



= (/3a - /i/3 - xa/ij^ - 7)^ + U^ - y + — 1 (3.3) 

This allows us to perform the leading terms analysis by setting: 

Q ~ aoX^ /? ~ /3oX^ 7 ~ Tox'' (3.4) 

Substitution of (3.4) in (3.2)-(3-3) yields the leading powers: 

a = h=-\ (3.5) 

and the leading coefficients: 

vo = Xx 

ao = ±Xx, /3o = ±X?;, 70 = ±Xt (3.6) 

The lb sign tells us that the Painleve expansion has two branches. The problem of systems with 
two Painleve branches has been discussed in [^, 0, P, Q. These references suggest that we should 
consider both branches simultaneously by using two singular manifolds, one for each branch. 

3.. 2 Eigenfunctions and the singular manifold 

In agreement with the foregoing, we can write the dominant terms of v and A as: 

where ■0"'' is the singular manifold for the positive branch and 0~ for the negative one. We will see 
later on that '\\)'^ and ^~ are the eigenfunctions of the Lax pair. 

Integrating (3.7), we obtain the expressions of and A in terms of the eigenfunctions: 

^x = ■0"^V'~, (f)t + h(j)y = ip'i!^ -tp^tp;: ~ hyxip^tp' 



y 



V'^ .-hx 



A = ^e-""" (3.8) 
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3.. 3 Linearization of the singular manifold equations: the Lax pair 

Substitution of (3.8) in (2.5)-(2.8) gives us the following expressions of u, uj, m^ and my in terms of 
■0"'' and 

u = -^e"'*^ (3.9) 

CO = -i^e^"" (3.10) 

- - -'M '^■"> 

(-ipt + Hy +Uye^''i) \ f-ipt -hip + Wye ^''^+\ 

"^y = [ W j + i W- 1 ^'-''^ 

Equations (3.9) and (3.10) can be considered to be the spatial part of the Lax pair, which written 
in a more apr opiate way reads: 

= il)-^ + uip~ e^"" 

= V^'+wV^e"^^ (3.13) 

The temporal part of the Lax pair can be obtained as follows: If we substitute (3.7) in (3.2) and 
use (3.13), we obtain (after an integration in x)the equation: 

[ =V^T J - [ ^- J -hy = ^ (3-14) 

Adding and subtracting (3.12) and (3.14) we obtain the temporal part of the Lax pair: 

ipt - myip+ + hip+ + Uyip-e^'' + -hyi;+ = 
V'i" + mytp- + hipy - LUyip+e-^'' + -hytp- = (3.15) 

It is interesting to notice that the compatibility condition between (3.13) and (3.15) is the equation 
(1.4) together with the condition (2.13). Therefore (3.13) and (3.15) form the the Lax pair for (1.4) 
and h is the spectral parameter although it is non-isospectral. 

4. Darboux transformations 

Summarizing the above results: 
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• Let be u, to and m solutions of (1.4) and (pi a singular manifold for them. This singular manifold 
can be constructed from two eigenfunctions V'l' and V'f ^^i 

hx = i'ti'i (4.1) 

where V'l and ipi satisfy the Lax pairs: 



= VS - myi)^ + hiip^y + Uy'ip^e'^^'' + \hiy^^ 
= Vr* + "^y^r + ^I'^iy - ^y'^te'^^'^ + ^hiyip{ 
and the spectral parameter hi satisfies: 






(4.2) 



hit + hihiy = (4.3) 

Substituting (3.8) in (2.4) , we can define new solutions u', uj' and ml: 



m = m-\ (4.4) 

whose Lax pairs will be: 

= V'l+ + 'uV'"e''2'' 

= Vx" + wV+e-'^^x 

= V|+ - m'yi^'+ + h2^l^y+ + n;v'-e'*2x ^ ^h2y^l^'+ ^ ' ^ 

= ^^- + m'yip'- + /i2V'y" - WyV''+e-'^2^ + lh2yip'- 

and we can construct a singular manifold 0' for the iterated fields u' , to' and m' through ip + and 

■0 ~ as: 

€ = ^'^^'~ (4.6) 

Truncated expansion in the Lax pair 

We can consider the Lax pair (4.5) as a system of coupled non-linear PDE's (|^, [|ll[) m il)~^ , '4' ~ ■> 
m', u' and uj' . Therefore, the singular manifold method can be applied to the Lax pair itself and 
truncated expansions for ■0 "*" and ■0 ^ should be added to the expansions (4.4). Such expansions 
can be written as: 
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^^ =i^t - ^^—- i' =-^2 - ^^^—- 4.7 

The seminal solutions m, u, co, il>2 and 1P2 must satisfy the same Lax pair with the spectral 
parameter /12, which means: 

= ll^tt - 'myi^t + h2ll^2y + Uyll^2 e''^'' + h'^2yi'2 ' 

= 11;- + myljj^ + h2^2y " Wj/02'e"'''^ + \h2yi^2 

Substituting the truncated expansions (4.4) and (4.7) in the Lax pair (4.5) and after some 
calculation (we used MAPLE V for it) we obtain: 



n+ 



/i2 — hi 



a- = -^-2 — p^ (4.9) 

ho, — h^ 



Summarizing: the set of equations 



u = u^ — - — ■ 






ijj^ g'lia; 



n 



m = m. -\ 

01 

where i}~^ and Q~ are given by (4.9), constitutes a transformation of potentials and eigenfunctions 
that leaves the Lax pairs invariant. Hence, (4.10) should be considered as a Darboux transformation 



5. Iteration of the singular manifold: r-functions 

The r-functions of Hirota's bilinear method ^J can be built through the singular manifold and 
Darboux transformations as follows: 



Lax pair, Darboux Transformations and solitonic solutions for a (2 + 1) dimensional NLSE 9 

Equation (4.6) can be considered as a non-linear equation in (p', ip "*" and ip ~ and it is therefore 
pertinent to add the folfowing truncated expansion to the set (4.10): 

</>' = </'2 + ^ (5.1) 

where (j)2 satisfies: 

Substituting (5.1) and (4.7) in (4.6) one has: 

A = -n+Q.~ (5.3) 

Since (5.1) defines a singular manifold for m' , can be used to build an iterated solution: 

m" = m' + % (5.4) 

Substitution of equation (4.4) for m' in (5.4) gives: 

m!' = m -\ (5-5) 



r 



r = ,/.Vi = (Pi(j)2 - n+n- (5.6) 



where 

is the Hirota r-function. 

6. Solutions 

In this section, we obtain solutions to the system (1.4) in a systematic way using the previous results. 
The steps followed in this iterative procedure can be summarized as: 

• 1) We start from seminal solutions of (1.4) and write the Lax pair for them. The solitonic or 
dromionic behavior of the iterated solutions will depend on our choice of the seminal ones. 

• 2) Solving the Lax pairs, we obtain ^|)f, ip^ , ip2 and ip2 ■ 

• 3) We use the results of 2) in (4.1), (4.9), and (5.2) to obtain (/>i, (/>2, $1+ and Vl~ . 

• 4) We use (4.4) and (5.4) to obtain the first and second iterations ml and m" , respectively. 
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6..1 Line solitons m = —abx, u = a, u = b 

If we restrict ourselves to the case in which hi and /12 are constants, non-trivial solutions of the Lax 
pairs (4.2) and (4.8) are: 



i/jf = exp 
i^t = exp 



aix + Piy + ( ai] l3it 

a2X + P2y + ( 012] (i2t 



^^2 



■^exp 



-^ exp 



gx + /32y+(g-a2)/32t] (6.1) 



where /3i j32 are arbitrary constants and ai and 02 are related to the spectral parameter as: 

ab 
hi = Oi 

Ui 

If we define: 



(6.2) 



Pi = exp 

P2 = exp 

integration of (3.8) yields: 



^ fab \ r, 

aix + Piy + ai] Pit 

\ai J 

fab \ ^ ■ 

a2X + /?2y + "2 P2t 

\a2 J 



Qi = exp [^x + Piy + (^ - ai) /3it 



Q2 = exp ^x + /32y+(f -a2J/32t 



(6.3) 



4>2 



ai 




1 




a 


ai 


+ 


ab 


012 




1 





a a2 + 



ah 
Ct2 



[ci + P1Q1) 



(C2 + P2Q2) 



where ci and C2 are arbitrary constants. Using (4.9) one has: 



(6.4) 






aia2 



a{aia2 + ab) 
aia2 



P2Q1 
P1Q2 



a{aia2 + ab) 
The first iteration provides the solution (figure 1): 

m^ = -ab + dxx[ln(t)i] 
and the second (figure 2): 

m^ = —ab + 5a;a;[/nr] 



(6.5) 

(6.6) 
(6.7) 
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where 

ai a 



„„,^(l + «) (8-8) 



0!i 



r = 0102 - ^+f^~ = ^7 rvT TtII + i^i + ^^2 - ^12^1 i^2] (6.9) 



«' («i + iT)(«2 + 



02 



and 



Fi{x,y,t) =exp 



Oj H ) X + 2/3jy - 2 ( Oj ] Pit + ipi 

OLi) \ ai 



(6.10) 



ab(ai - 02)^ , . 

^12 = 7 ■ — TTo (6.11) 

and we have redefined q as: q = e~'^^. 

A particularly interesting case occurs when ai = 02 and hence the interaction term A12 vanishes. 
This case is termed the resonant state [§| (figure 3). 

6. .2 Dromions 171 = 0, u = 0, uj = b 

For this seminal solution (similar solutions are obtained for u = a, uj = 0), assuming that hi and /12 
are constants, the easiest non-trivial solutions of (4.2) and (4.8) are: 

tPt = Ki{y,t) Vr = 7^e"'^i-Ki(y,i) 

V'2+ = K2{y, t) i;^ = l^e~^^-K2{y, t) (6.12) 

where Ki are ^-independent functions that satisfy 

Kit + hiKiy = (6.13) 



Integration of (3.8) yields: 

where 

and from (4.9): 



-^(R^{y,t)+KKy,t)e-^^-) (6.14) 



(6.15) 





Rit + hiRiy — 


0+ 


ri\ii2 


0+ 


. ^. K.Koe-^^^^ 



/ll/l2 



(6.16) 
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The first iteration provides : 

m'y = d^y In [4>i] (6.17) 

and the second one 

m;' = a^j,ln[r] (6.18) 

where 

I 2 

r = ,/.i02 - n+n^ = j^ [RiR2 + i?2i^f e^^i^ + i^ii^le-^^xj (g^^^g^ 

Due to the arbitrariness of Ri and Ki, (6.17) and (6.18) are a rich collection of solutions. Let us 
consider some particular cases 

Case 1 

This corresponds to the choice: 

Ri = l + e^'^y-^'*'> 

Kf = 1 + aie'-^^y-^^^^ 

Fig. 4 represents m' for this choice. Figures 5.a-5.c are the second iteration m'' for different times. 

Case 2 

Another possibility is: 

R2 = K2 = 

m' is represented in Fig. 6 and Fig. 7 for different values of the parameters 

7. Conclusions 

• The real version of a (2+1) dimensional integrable generalization of the non-linear Schrodinger 
equation, which has been discussed by several authors, is studied from the point of view of Painleve 
analysis. 

• In section 2 we applied the singular manifold method to equation (1.4), obtaining the leading 
terms and the singular manifold equations. 

• In section 3, the Lax pairs were obtained by performing Painleve analysis on the singular manifold 
equations. This allowed us to define the eigenfunctions of the Lax pair. 
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• In section 4 we considered the Lax pairs as system of coupled PDE's in the fields and eigenfunc- 
tions and we obtained the Darboux transformations between two solutions of (1.4). This permits us 
to determine an iterative procedure for obtaining solutions from already known ones. 

• Section 6 is devoted to constructing different kinds of solutions with solitonic behavior by using 
the Darboux transformations with different seminal solutions. 

A Appendix 

Substitution of the truncated expansion (2.4) in (1.4) provides three polynomials in ^. Setting each 
coefficient of every polynomial at zero we obtain the following equations: 

a) for nix + uio = 

= vA + u + A'^uj {A.l) 

b) for ut — Uxy — 2umy = 

= Ay + qAx - Aw + vqA + 2uq {A.2) 

= At- Axy - AxiQx + qv) - vAy + A{wx + wv - Vy - vQx - qv^ - 2my) - 2u{qx + vq) (yl.3) 

c) for u)t + u)xy + 2ujm.y = 

= Ay + qAx - Aw + vqA - 2ujqA^ = (^.4) 

A A 
= -At-Axy+2 ^ ^ -Ax{qx+qv)-vAy+A{wx+wv+Vy+vqx+qv'^+2my)+2ujA^{qx+ujq) {A.5) 

Prom (A.2) and (A. 4), we can obtain: 

u = - ( — j {Ay + qAx + qvA - wA) {A.6) 

' {Ay + qAx - qvA - wA) {A.7) 



.2qA^, 

(A.6) and (A.7) satisfy (A.l) identically and their substitution in (A. 3) and (A.5) gives (after addition 
and subtraction): 

_Ax^ + 9^ + ^ + !^_^ = Q (^.8) 

qA q^A qA^ q q^ 

and 

At - Avy - ^^ - 2Amy = (^.9) 



(A. 8) can be integrated in x. The result is: 

'l\ ( A 



w 



A 



)+/i(y,t)=0 (AlO) 
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where h{y,t) is the constant with respect to the integration in x. Substitution of (A. 10) in (A. 6), 
(A. 7) and (A. 9) provides: 



1 / ^t ^x ^y 

2 V^~TT 



vy] iA.l3) 



Finahy, imposing the condition that u, to and m should be solutions of (1.4), we obtain: 

I (/A -2 



"^.x = -l l^ + /i) -v^] (A14) 



and 



-A,t + ^ + ^^ + ^^-^^ + A{v.y-vvy) + hyA,-htA + h{A,y-^) = Q (Al5) 
Imposing the compatibility condition m^xy = rriyx on (A. 13) and (A. 14), we have: 

-Axt + ^ + ^^ + ^^-3^+Aivxy-vvy)+hyAx + hhyA+hiAxy-^) = (A16) 
Adding and subtracting (A. 15) and (A. 16), the result is: 

ht + hhy = (A. 17) 



A Aj^\ 2 2\ A 
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